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The non-linear deformation of a thin annular plate subjected to circumferentially distributed bending
moments is studied. A von Kármán plate model is adopted to formulate the equations of motion. Free–
free boundary conditions have been applied at both inner and outer edges. The matrix formulation of
the Differential Quadrature Method is used to discretise and solve the governing equations. Linear anal-
ysis predicts that the annular disk deforms axisymmetrically into a spherical dome. However, the pro-
posed non-linear analysis shows that a symmetry breaking bifurcation may occur after which the
linear solution becomes unstable and the plate transitions into a non-axisymmetric cylindrical deforma-
tion. This is the case when at least one of two parameters reaches a critical value. These parameters are
the non-dimensionalised ratio between applied moment and bending stiffness and the ratio between
inner and outer radius. Furthermore, it is noted that free-free boundary conditions and circumferentially
distributed bending moments do not break the circular symmetry of the annular disk. Hence, the princi-
pal axes of curvature in the deformed conﬁguration do not have a preferred orientation. Therefore, the
present work describes a shell possessing inﬁnite identical equilibria, having different yet no favoured
direction and, hence, links to previous researches on neutrally stable structures.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The bending of thin annular plates subjected to uniformly
distributed moments along the inner and outer edges was studied,
seemingly for the ﬁrst time, by Timoshenko and Woinowsky-Krie-
ger (1959). In their work, small displacements were assumed and
Kirchhoff’s plate theory was adopted. Hence, the governing equa-
tions are linear and the resulting bending axisymmetric. However,
Mansﬁeld (1962) showed that the deformation of a circular plate,
of lenticular cross-section, subjected to a temperature gradient lin-
early varying through the thickness, becomes asymmetric when
the thermal gradient reaches a critical value. For relatively small
values of the thermal gradient, the plate deforms with a spherical
curvature. However, this is not a developable surface. As the
temperature gradient increases, the strain energy reaches a critical
value. At this point, bending deformations are energetically prefer-
able to those that are due to membrane (in-plane) effects. As such,
the resulting spherical solution becomes unstable and the plate
buckles to approximate a cylindrical surface. By doing so, the var-
iation of Gaussian curvature is minimised and the contribution of
strain energy due to stretching is reduced. An analogous symmetry
breaking mechanism is analysed in Chen and Fang (2010). Theyshowed that a heavy circular plate on a ring support deforms into
a spherical dome, but that the deformation becomes non-axisym-
metric when the ratio between the weight per unit area and the
ﬂexural rigidity of the plate reaches a critical value.
In this work, we consider a thin annular disk subjected to cir-
cumferentially distributed bending moments. Similarly to the
work done by Mansﬁeld (1962) and Chen and Fang (2010) on
circular plates, we show that the bending response of the annular
plate too can become non-axisymmetric. This happens when the
ratio between the applied moment and bending stiffness of the
plate, nondimensionalised with respect to the plate thickness
and the internal radius, is sufﬁciently large. We also observe that
the ratio between inner and outer radius is a fundamental param-
eter for inducing non-axisymmetric deformation. As discussed in
Section 6, this parameter, in effect, seems to control the out-of-
plane deformation of the inner rim, which is apparently a critical
feature to steer the bending towards a non-axisymmetric
conﬁguration.
Recent work by Dias et al. (2012) explains symmetry breaking
effects in similar structures using differential geometry and
energetic arguments. Rather than applying distributed bending
moments they model the effect of a folded crease upon deforma-
tion behaviour. In contrast, we assess the symmetry breaking
mechanisms where applied bending moments on a planar surface,
rather than folds per se, provide the driving mechanism.
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the membrane strains induced by bending deﬂection. The govern-
ing equations are cast in cylindrical coordinates r; h and z. Fig. 1(a)
shows the cylindrical reference system and the bending moment
circumferentially distributed along a concentric ring of the annular
plate located at r ¼ R0. The disc is considered as a linearly elastic,
thin plate with cylindrical orthotropy. Free–free boundary condi-
tions (FF BCs) are applied at the inner and outer edge.
Fig. 1(b) and (c) anticipate the result that will be found in
Section 6 and show the deformation of the annular disk subjected
to circumferentially distributed bending moment. The bending
moment plays the role of a symmetry breaking load, inducing
the transition of the annular disk from a deformation resembling
a spherical dome to a cylindrically-shaped shell.
A study of the literature indicates that most authors consider
the axisymmetric formulation of the von Kármán’s plate model,
presumably because of the complicated form that these equations
assume when the deﬂection depends not just on r, but also on h–
see (Bloom and Cofﬁn, 2001) for a detailed analysis. In this work,
we consider the full form of von Kármán’s model, in which dis-
placements are functions of both r and h.
The Differential Quadrature Method (DQM) was used to discre-
tise and solve the governing equations. DQM was introduced by
Bellman and Casti (1971) and it is based on the premise that any
continuous function can be approximated by a high-order polyno-
mial in the overall domain, and that the derivative of a function can
be expressed as a linear combination of the functional values at all
the mesh points of the domain. Owing to the higher-order polyno-
mial approximation, DQM usually requires fewer grid points in
comparison to other approximation methods, such as Finite Ele-
ment Method (FEM) or Finite Difference Method (FDM), to achieve
accurate result. This is shown in various examples reported in Du
et al. (1994), Liu and Liew (1999), Wang and Bert (1993) and Bert(a)
(b)
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Fig. 1. (a) Representation of the annular plate showing the reference system in cylindri
ring indicated with dashed line. (b) Linear solution describes the annular disk deforming
buckling mechanism; the annular disk deforms asymmetrically into a cylindrically-shapet al. (1989). However, DQM leads to non-symmetric and non-
banded system matrices, and it appears to be very sensitive to
the choice of the grid points (Shu, 2000).
In the current work, special matrix products, similar to those
used previously by Chen et al. (1999), have been adopted to recast
the DQM formulation of von Kármán equations in matrix form.
This greatly simpliﬁes the non-linear governing equations. In par-
ticular, the computational effort to account for the BCs is signiﬁ-
cantly reduced. Furthermore, the continuity condition of the
mesh points at h ¼ 0 and h ¼ 2p can be readily introduced.
An interesting observation is now made before concluding the
introduction. By observing Fig. 1(a), it is intuitive that FF BCs and
circumferentially distributed bending moments do not break the
circular symmetry of the problem. It is therefore expected that
the principal axes of curvature in the non-axisymmetric conﬁgura-
tion do not have any preferred spatial orientation, and hence the
annular disk can theoretically assume an inﬁnite number of iden-
tical cylindrically-shaped equilibria. A similar behaviour has been
described, seemingly for the ﬁrst time, by Mansﬁeld (1962). In
addition to the previously described symmetry-breaking mecha-
nism, he also observed that the transition from a spherical dome
into a cylindrical shell is not gradual, and happens as a buckling
event. In the post buckling regime, the disk approximates a devel-
opable surface, but the directions of the curvature axes can be arbi-
trary, owing to the fact that, for any centro-symmetric structure,
there is no preferred direction for curling. Hence, in this conﬁgura-
tion, the disk is neutrally stable with respect to changes of the
direction of the principal curvature axes.
In a later paper, Mansﬁeld (1965) studied the large deﬂection of
an elliptical plate of lenticular section subjected to a thermal gra-
dient, linearly varying through the thickness. He observed that
the necessary condition, in order to buckle into an asymmetrical
mode prior to curling, is that the plate is initially ﬂat or possesses(c)
R0
M 0r
cal coordinates and the distributed bending moment M0r along a generic concentric
symmetrically into a spherical dome. (c) Non-linear solution is able to capture the
ed shell to ensure the compatibility between membranal and curvature strains.
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exhibits no preferred orientation for curling. Conversely, if princi-
pal curvatures are unequal, the transition to the curled state is
gradual and the resulting deformed conﬁguration maintains the
direction of principal curvatures unchanged.
Another interesting example of structures exhibiting neutral
stability can be found in Guest et al. (2011). They considered an
isotropic metallic strip, straight in a longitudinal direction, but pre-
stressed in order to create a uniform non-zero curvature in the
transverse direction. The interaction between elastic properties
and prestress is such that there is no change in total strain energy
when the structure is twisted. In other words, the structure is neu-
trally stable along any twisting path. Moreover, they also analysed
the deformation of a bimetallic disk subjected to a thermal load.
The disk is initially ﬂat and, as the temperature increases, a bifur-
cation occurs, and the disk deforms from a spherical dome into a
cylindrical shell. Deforming the cylindrical shell so that the axes
of curvature rotate about the normal to the surface does not
change the stored energy, and therefore the cylindrical shell is neu-
trally stable with respect to this mode of deformation.
Seffen and Guest (2011) extended the work by Guest et al.
(2011) analysing the combinations of prestress and material prop-
erties on the multistable capability of thin shells. They showed
that, prestressing in opposite sense an isotropic ﬂat thin plate
along the two orthogonal directions, a bistable, cylindrically curved
shell, is obtained. Conversely, same-sense prestress produces neu-
trally stable shells, with no torsional stiffness. Moreover, this
behaviour is independent of the shell planform. However, the sta-
bility scenario is sensitive to the level of prestress provided and it
is also affected by the material properties of the shell. They showed
that the shear modulus is a fundamental parameter in order to in-
duce neutral stability in a prestressed shell. Provided a suitable le-
vel of prestress exists, neutral stability was shown to be achieved
only for isotropic materials.
Similarly to Mansﬁeld (1962), Guest et al. (2011) and Seffen and
Guest (2011), we now show that the interplay between the circular
symmetry of the annular disk, the applied loads and boundary con-
ditions, may lead to a behaviour that may be described as a tor-
sional neutral stability. Hence, in contrast with previous works in
the literature, multistability is here obtained without the need of
inducing asymmetries, as in other reported multi-stable concepts,
such as in Thill et al. (2008), Diaconu et al. (2008), Daynes and
Weaver (2011), Lachenal et al. (2012), Hyer (1981) and Pirrera
et al. (2010).
2. Model
Governing equations Let us consider a linearly elastic, laminated
body with cylindrical orthotropy in a cylindrical coordinate system
with components r; h, and z used in the conventional sense. Intro-
ducing the Airy stress function, U, through the in-plane stress
resultants, the von Kármán equations adapted from Mansﬁeld
(1962) and Uthgenannt and Brand (1973), in terms of transverse
displacements w and U, become
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where aij ¼ A1ij and
Arr;Drrð Þ ¼
Z h
2
h2
Qrr 1; z2
 
dz;
Ahh;Dhhð Þ ¼
Z h
2
h2
Q hh 1; z2
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2
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3
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3
75:
In the previous equations, h is the thickness of the plate and Qij
is the lamina reduced stiffness matrix. In writing Eqs. (1) and (2),
the transverse shear deformation through the thickness of the
plate is neglected.
In the following expressions, the repeated subscripts of the ele-
ments in stiffness matrices are condensed for ease of reading.
Boundary conditions and external loads The annular disk is con-
sidered to be free at both the inner and outer edges. Hence, bend-
ing moment and shear force must be zero at r ¼ rint and r ¼ rext so
that
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Similarly, the traction-free boundary conditions can be written
as
Nrjr¼rext ;rint ¼
1
r
@U
@r
þ 1
r2
@2U
@h2
¼ 0; ð5Þ
Nrhjr¼rext ;rint ¼
1
r2
@U
@h
 1
r
@2U
@r@h
¼ 0: ð6Þ
An external bending moment M0r is applied circumferentially at
an arbitrary radius R0, so the following condition must be included
in the governing equations
Mr jr¼R0 ¼ Dr
@2w
@r2
 Drh 1R0
@w
@r
þ 1
R20
@2w
@h2
 !
¼ M0r : ð7Þ
Note that Eqs. (3)–(7) are adapted from Bloom and Cofﬁn (2001).
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Bellman et al. (1972) suggested that the ﬁrst-order derivative
f ð1ÞðxiÞ of a function f ðxÞ at a grid point xi, can be approximated
by a linear combination of all the functional values f ðxjÞ in the do-
main. That is,
f ð1Þx ðxiÞ ¼
@f
@x

xi
¼
XN
j¼1
að1Þij  f ðxjÞ; for i ¼ 1;2; . . . ;N; ð8Þ
where að1Þij represent the weighting coefﬁcients, and N is the number
of grid points in the whole domain.
The key procedure in DQ approximation is to determine the
weighting coefﬁcients aðmÞij , where m indicates the generic mth or-
der derivative of f ðxÞ. A general method to compute the weighting
coefﬁcients for an arbitrary high order derivative of f ðxÞ, and its
extension to the multi-dimensional case, was proposed by Shu
(2000) and is reported in Appendix A.
DQM is a well established method. However, it is not yet widely
used in the structural mechanics community. For this reason, we
present details necessary to recast von Kármán equations in DQM.
Furthermore, we introduce a novel matrix operator that consider-
ably speeds up the conversion of conventional partial differential
equations into an algebraic matrix form, which is particularly con-
venient for computer programming. Matrix equations are obtained
from partial differential equations effectively as a straightforward
operation. DQM matrix algebra is reported in Section 4.
3.1. Numerical discretization
The computational domain of the annular disk is
r; hð Þ 2 rint; rext½   0;2p½ . For numerical analysis, it is necessary to
establish a mesh grid. Shu and Du (1997) found that DQM can be
highly sensitive to the mesh distribution for plates with at least
one free corner. In particular, they showed that accuracy of results
can be increased by shifting the mesh points from an uniformly
distributed grid towards a Gauss–Chebyshev–Lobatto mesh. Addi-
tionally, if the mesh points are further clustered towards the
boundaries, the accuracy of the DQM increases. This is done, as
proposed by Shu (2000), introducing the following mesh point dis-
tribution along a general coordinate x:
xi ¼ 1að Þ 3n2i 2n3i
 þani; for i¼ 1;2; . . . ;N; 06 a 1; ð9Þ
where a is the stretching parameter and ni is the basic Gauss–
Chebyshev–Lobatto mesh given by
ni ¼
1
2
1 cos i 1
N  1p
 	 

; for i ¼ 1;2; . . . ;N: ð10Þ
We have found that different values of a are required for differ-
ent combinations of loads and number of nodes, as discussed in Sec-
tion 6. This could be due to the axisymmetric geometry of our case
study compared to the results found for rectangular plates in Shu
and Du (1997), in which the highest accuracy is found for a ¼ 0.
In this work, we use Eq. (9) for the mesh grid along r, where
ni ¼ rj given by
rj¼ rintþ12 rextrintð Þ 1cos
j1
N1p
 	 

; for j¼1;2; . . . ;N: ð11Þ
Conversely, the mesh points along h are equally spaced, for symme-
try reasons, and are given by
hi ¼ i 1M  12p; for i ¼ 1;2; . . . ;M: ð12ÞNote, we consider a square grid, i.e. M ¼ N; this choice does not
involve any loss of generality, but does facilitate the implementa-
tion of the model.
3.2. DQ applied to the von Kármán equations
Let us now transform the governing equation in DQ formulation
by setting i ¼ 1; . . . ;N and j ¼ 1; . . . ;M as the indices along h and r,
respectively. We deﬁne aðm;rÞij and b
ðm;hÞ
ij as the weighting coefﬁcients
of wðri; hjÞ and cðm;rÞij and dðm;hÞij as the weighting coefﬁcients of
Uðri; hjÞ, where the superscript m indicates the order of derivation,
and the superscripts r and h the coordinates along which the deriv-
atives are taken.
Doing so, Eq. (1) becomes
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Similarly, Eq. (2) becomes
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 !235: ð14Þ3.3. DQ applied to boundary conditions and loads
The BCs on the forces and stress resultants, Eqs. (3)–(6), and the
equation of the external moment, Eq. (7), can be recast using DQM
as
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ð19Þ4. DQ method in matrix form
The matrix multiplication approach for DQM is presented by
Shu (2000) and Chen and Zhong (1997). As already discussed, this
approach is particularly convenient for computer programming.
Here we complement the work done by these authors by introduc-
ing the Circle-Dot operator, as shown in Section 4.1.
The partial differential equation of a two-dimensional function
can be approximated as a linear sum of the functional values in the
two-dimensional domain (see Appendix A for details). Therefore, it
is straightforward to recast DQM in matrix form, and hence the DQ
transformation of the mth order partial differential equation of the
generic function f in the generic variable x becomes, for
j ¼ 1; . . . ;M:
f ðmÞx ðxi; yjÞ ¼
XN
k¼1
aðm;xÞik  f ðxk; yjÞ ¼
aðm;xÞ11 . . . a
ðm;xÞ
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..
. . .
. ..
.
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2
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3
775 
f11 . . . f1M
..
. . .
. ..
.
fN1 . . . fNM
2
664
3
775 ¼ Aðm;xÞF:
ð20Þ4.1. Von Kármán equations in matrix form
In order to recast the governing equations in matrix form, we
deﬁne the following operators:
 Deﬁnition: If A ¼ aij
 
and B ¼ bij
  CNM , the Hadamard product
is deﬁned in Chen and Zhong (1997) as A  B ¼ aijbij
  CNM ,
where CNM denotes a set of N M matrices.
 Deﬁnition: If A ¼ aij
  CNM and B ¼ bij  CPQ , the Kronecker
product is deﬁned in Al Zhour and Kiliçman (2007) as
A	 B ¼ aijB
 
ij CNPMQ , where aijB CPQ is the ij-submatrix.Property. Consider the equation AXB ¼ D, where A; X; B and D are
given matrices. It is possible to rewrite this equation as
BT 	 A
 
X ¼ D, where X and D denote the vectorization of the matrix
X and D respectively, formed by stacking their columns into a single
column vector.
 Deﬁnition: If A ¼ aij
  CNM and B ¼ bij  CNMR, we deﬁne the Cir-
cle-Dot product as A
 B ¼ A  B CNMR, where CNMR denotes a
set of NM  Rmatrices and where A CNMR is obtained rearrang-
ing the elements of A in a column and then repeating this col-
umn R times.
See Appendix B for clarifying details.
We then deﬁne AðnÞ as the matrix of weighting coefﬁcients of
the nth order derivative with respect to r of the matrices W and
U; we also deﬁne BðnÞ as the matrix of weighting coefﬁcients of
the nth order derivative with respect to h of the matrices W and
U. Using the above deﬁnitions, we can rearrange Eqs. (13) and
(14) so that the von Kármán equations becomeDrA
ð4ÞWþ2HrhR2 Að2ÞWBð2ÞT þDhR4 WBð4ÞT þ2DrR Að3ÞW
2HrhR3 Að1ÞWBð2ÞT DhR2 Að2ÞWþ2 DhþHrhð ÞR4 WBð2ÞT
þDhR3 Að1ÞWR Að1ÞUAð2ÞWR2 UBð2ÞT Að2ÞW
Að2ÞUR Að1ÞWAð2ÞUR2 WBð2ÞT 2R2 UBð1ÞT R Að1ÞWBð1ÞT
þ2R2 UBð1ÞT R2 WBð1ÞT þ2R Að1ÞUBð1ÞT R Að1ÞWBð1ÞT
2R Að1ÞUBð1ÞT R2 WBð1ÞT ¼0 ð21Þ
and
ahA
ð4ÞUþ ak þ2arhð ÞR2 Að2ÞUBð2ÞT þ arR4 UBð4ÞT þ 2ahR Að3ÞU
 ak þ 2arhð ÞR3 Að1ÞUBð2ÞT  arR2 Að2ÞUþ ar þ2arhð ÞR4 UBð2ÞT
þ arR3 Að1ÞUþ Að2ÞW R Að1ÞWþAð2ÞW R2 WBð2ÞT
h
R Að1ÞWBð1ÞT R Að1ÞWBð1ÞTR2 WBð1ÞT R2 WBð1ÞT
þ2R Að1ÞWBð1ÞT R2 WBð1ÞT
i
¼ 0; ð22Þ
where Rn is a matrix whose elements are 1=rn.
Using the deﬁnition of Kronecker multiplication, we can rewrite
Eqs. (21) and (22) as
Dr I	Að4Þ
 
Wþ2Hrh Bð2Þ	R2Að2Þ
 
WþDh Bð4Þ	R4I
 
W
þ2Dr I	RAð3Þ
 
W2Hrh Bð2Þ	R3Að1Þ
 
W
þDh I	R2Að2Þ
 
Wþ2 DhþHrhð Þ Bð2Þ	R4I
 
W
þDh I	R3Að1Þ
 
W RAð1ÞU
 

 I	Að2Þ
 h i
W
 R2UBð2ÞT
 

 I	Að2Þ
 h i
W Að2ÞU
 

 I	RAð1Þ
 h i
W
 Að2ÞU
 

 Bð2Þ	R2I
 h i
W2 R2UBð1ÞT
 

 Bð1Þ	RAð1Þ
 h i
W
þ2 R2UBð1ÞT
 

 Bð1Þ	R2I
 h i
W
þ2 RAð1ÞUBð1ÞT
 

 Bð1Þ	RAð1Þ
 h i
W
2 RAð1ÞUBð1ÞT
 

 Bð1Þ	R2I
 h i
W¼0 ð23Þ
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ah I	Að4Þ
 
Uþ ak þ 2arhð Þ Bð2Þ 	 R2 Að2Þ
 
Uþ ar Bð4Þ 	R4  I
 
U
þ 2ah I	 R Að3Þ
 
U ak þ 2arhð Þ Bð2Þ 	 R3 Að1Þ
 
U
 ar I	 R2 Að2Þ
 
Uþ ar þ 2arhð Þ Bð2Þ 	R4  I
 
U
þ ar I	 R3 Að1Þ
 
Uþ Að2ÞW
 

 I	R Að1Þ
 h
þ Að2ÞW
 

 Bð2Þ 	 R2  I
 
 R Að1ÞWBð1ÞT
 

 Bð1Þ 	 R Að1Þ
 
 R2 WBð1ÞT
 

 Bð1Þ 	R2  I
 
þ2 R Að1ÞWBð1ÞT
 

 Bð1Þ 	R2  I
 i
W ¼ 0; ð24Þ
where W and U are now vectors given by rearranging column-wise
the components of the matrices W and U, respectively.
4.2. Boundary conditions on the forces, stress resultants and applied
moment in matrix form
Using DQM, we can not impose multiple conditions on a node or
on a single row of nodes, since there is a one-to-one correspon-
dence between mesh points and functional values at each node.
Hence, in order to impose FF BCs at both inner and outer edge,
i.e. zero moment and zero shear force, it is necessary to split these
conditions over two adjacent rows of nodes at the boundaries.
Thus, the moment-free BC will be applied at j ¼ 1 and j ¼ N
whereas the shear-free BC will be applied at j ¼ 2 and j ¼ N  1.
Therefore, deﬁning en as the nth column of the identity matrix,
the BCs on the forces, Eqs. (15) and (16), become
Mr jr¼rint ¼Dr eT1	A
ð2Þ
 
WþDrh 1r1 e
T
1	Að1Þ
 
Wþ 1
r21
eT1B
ð2Þ 	 I
 
W
	 

¼0
ð25Þ
for i ¼ 1; . . . ;N and j ¼ 1,
Mr jr¼rext ¼Dr eTN	A
ð2Þ
 
WþDrh 1rN e
T
N	Að1Þ
 
Wþ 1
r2N
eTNB
ð2Þ 	 I
 
W
	 

¼0
ð26Þ
for i ¼ 1; . . . ;N and j ¼ N,
Qr þ
1
r
Mrh;hjr¼rint ¼Dr eT2	A
ð3Þ
 
W þ 1
r2
eT2	Að2Þ
 
W
	 

Hrh 1r22
eT2B
ð2Þ 	Að1Þ
 
W  1
r32
eT2B
ð2Þ 	 I
 
W
	 

þDh 1r22
eT2	Að1Þ
 
W þ 1
r32
eT2B
ð2Þ 	 I
 
W
	 

2Dk 1r22
eT2B
ð2Þ 	Að1Þ
 
W  1
r32
eT2B
ð2Þ 	 I
 
W
	 

¼ 0
ð27Þ
for i ¼ 1; . . . ;N and j ¼ 2,
Qrþ
1
r
Mrh;hjr¼rext ¼Dr eTN1	A
ð3Þ
 
Wþ 1
rN1
eTN1	Að2Þ
 
W
	 

Hrh 1r2N1
eTN1B
ð2Þ 	Að1Þ
 
W 1
r3N1
eTN1B
ð2Þ 	 I
 
W
	 

þDh 1r2N1
eTN1	Að1Þ
 
Wþ 1
r3N1
eTN1B
ð2Þ 	 I
 
W
	 

2Dk 1r2N1
eTN1B
ð2Þ 	Að1Þ
 
W 1
r3N1
eTN1B
ð2Þ 	 I
 
W
	 

¼0
ð28Þ
for i ¼ 1; . . . ;N and j ¼ N  1.Similarly, the BCs on the stress resultants (17) and (18) become
Nrjr¼rint ¼
1
r1
eT1 	 Að1Þ
 
Uþ 1
r21
eT1B
ð2Þ 	 I
 
U ¼ 0 ð29Þ
for i ¼ 1; . . . ;N and j ¼ 1,
Nrjr¼rext ¼
1
rN
eTN 	 Að1Þ
 
Uþ 1
r2N
eTNB
ð2Þ 	 I
 
U ¼ 0 ð30Þ
for i ¼ 1; . . . ;N and j ¼ N,
Nrhjr¼rint ¼
1
r22
eT2B
ð1Þ 	 I
 
U 1
r2
eT2B
ð1Þ 	 Að1Þ
 
U ¼ 0 ð31Þ
for i ¼ 1; . . . ;N and j ¼ 2,
Nrhjr¼rext ¼
1
r2N1
eTN1B
ð1Þ 	 I
 
U 1
rN1
eTN1B
ð1Þ 	 Að1Þ
 
U ¼ 0
ð32Þ
for i ¼ 1; . . . ;N and j ¼ N  1.
Eq. (19) for the applied bending moment becomes
MrðR0; hÞ ¼ Dr eR0 	 Að2Þ
 
W  Drh 1R0 eR0 	 A
ð1Þ
 
W
 Drh 1
R20
Bð2ÞR;i 	 I
 
W ¼ M0r : ð33Þ4.3. Continuity condition and singularity
In order to avoid rigid body motion, we constrain the degrees of
freedom of two diametrically opposite nodes at the inner edge.
Furthermore, the lines of nodes at h ¼ 0 and at h ¼ 2p are physi-
cally coincident; hence, on these nodes, the following conditions
are imposed:
w1;j ¼ wN;j;
U1;j ¼ UN;j;
for j ¼ 1; . . . ;N.
5. Non-dimensionalization
It is convenient to write the previous equations in terms of non-
dimensional parameters in order to reduce possible ill-condition-
ing of the non-linear system and to analyse the relative importance
of each term.
In this study we observe that the governing equations are
numerically sensitive to the various parameters involved. Hence,
to facilitate the analysis, we used isotropic properties, by imposing
Er ¼ Eh ¼ E;
mr ¼ mh ¼ m;
Dr ¼ Dh ¼ D:
Therefore, we introduce the following non-dimensional parameters,
indicated by the superposed asterisks
r ¼ r
rint
; w ¼ w
h
; U ¼ U
D
;
Nr ;N

rh
  ¼ r2int
D
Nr;Nrhð Þ; M ¼ M
0
r r
2
int
Dh
:
ð34Þ
In particular, the parameter M represents the ratio between ap-
plied moment M0r and bending stiffness D, non-dimensionalised
with respect to rint and the plate thickness h. The latter is considered
equal to one in the following numerical analysis.
For completeness, as an example, the non-dimensional transfor-
mation is applied to Eq. (19) and reported in Eq. (35):
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 ¼ 
XN
k¼1
r2inta
ð2;rÞ
ik wðrk; hjÞ
 m r
2
int
R0
XN
k¼1
að1;rÞik wðrk; hjÞ þ
r2int
R20
XM
l¼1
bð2;hÞjl wðri; hlÞ
 !
: ð35Þ6. Results, validation of the model and discussion
6.1. Numerical results
The DQ model has been validated with Abaqus, a commercially
available non-linear FE solver. Non-linear, static analyses have
been carried out using S4R shell elements and a converged mesh.
A dissipated energy factor of 1E03 and maximum ratio of stabil-
ization to strain energy of 1E02 have been used. These values
ensure that the ratio between strain energy and artiﬁcial damping
is negligible.
Tables 1–3 show the non-dimensional displacements for annu-
lar disks having rext=rint ¼ 3; rext=rint ¼ 4; rext=rint ¼ 5, respectively.
In particular, displacements refer to the nodes having coordinates
R0;0ð Þ and R0;p=2ð Þ, where R0 is the radius of the ring where the
moment is applied.
The accuracy of the results, in good agreement with FE for a
13 13½  mesh, decreases for displacements of order of magnitude
greater than the plate thickness h and becomes unacceptable for
displacements greater than four times the plate thickness.
Von Kármán’s plate theory requires that the square of the actual
slope is much smaller than one. Results within satisfy von Kármán
theory’s requirement on the magnitude of deformation as long as
the ratio h=rext is sufﬁciently small. However, in our particular case,
we experienced large non-linear deformations and therefore, the
radial slope may become signiﬁcant and not satisfy von Kármán’sTable 1
Convergence of non-dimensional displacements as a function of M for an annular disk ha
M FE DQ 9 9½ 
wh¼0 w

h¼p=2 w

h¼0 w

h¼p=2
1E05 1.18E03 1.21E03 2.51E03 2.63E03
1E04 1.84E02 2.12E02 2.29E02 2.28E02
1E03 1.69E01 1.95E01 6.93E01 6.95E01
1E02 3.21E01 2.13E00 3.71E01 1.10E00
Table 2
Convergence of non-dimensional displacements as a function of M for an annular disk ha
M FE DQ 9 9½ 
wh¼0 w

h¼p=2 w

h¼0 w

h¼p=2
1E05 1.85E03 1.84E03 4.72E03 5.61E03
1E04 1.82E02 2.05E02 1.23E02 1.88E02
1E03 1.65E01 1.84E01 1.22E01 1.24E01
1E02 2.66E01 1.95E00 3.01E01 8.89E01
Table 3
Convergence of non-dimensional displacements as a function of M for an annular disk ha
M FE DQ 9 9½ 
wh¼0 w

h¼p=2 w

h¼0 w

h¼p=2
1E05 2.04E03 2.04E03 4.05E03 4.03E03
1E04 2.23E02 2.40E02 6.57E02 7.05E02
1E03 1.95E01 2.11E01 1.23E01 1.45E01
1E02 2.08E01 2.01E00 4.75E01 9.85E01assumptions. In this sense, the loss of accuracy for displacements
greater than four times the plate thickness can be explained.
Furthermore, as discussed in Section 3.1, numerical results are
sensitive to the choice of the mesh grid distribution. Moving from
a radially uniform mesh distribution towards a Chebyshev–Gauss–
Lobatto grid, accuracy increases. Also, results are even more
accurate if the mesh points are stretched beyond a conventional
Chebyshev–Gauss–Lobatto grid, as discussed by Shu and Du
(1997). Therefore, Tables 4–6 show the values of the stretching
parameter a used for the different cases studied reported in Tables
1–3.
6.2. Physical behaviour
Fig. 2 shows the displacements of two nodes having coordinates
R0;0ð Þ and R0;p=2ð Þ for an annular plate loaded at R0 with a
uniformly distributed bending moment M. Deformation is
axisymmetric for values up to M  2  103. For larger values, a
bifurcation occurs whereby the deformation becomes non-axisym-
metric and the annular disk now deforms as a cylindrical shell, try-
ing to approximate a developable surface. As shown in Fig. 2, the
nodes at h ¼ 0 and h ¼ p=2 experience identical displacements
up to the bifurcation point. Increasing the applied moment, the
displacements of the node at h ¼ p=2 are one order of magnitude
larger than the displacements at h ¼ 0, which remain almost
constant. Note, that the displacements can be either positive or
negative, according to the sign of the applied moment.
Fig. 3 shows the displacements of two nodes located at R0;0ð Þ
and R0;p=2ð Þ as a function of M when a constant bending resul-
tant is applied separately along three concentric rings located at
R0 ¼ 2=5rext, R0 ¼ 3=5rext and R0 ¼ 4=5rext. Results in Fig. 3 are
obtained for rint ¼ 10 and rext ¼ 30 and show how larger displace-
ments arise as R0 increases.ving rext=rint ¼ 3 when the bending moment is applied at R0=rext ¼ 0:6.
DQ 11 11½  DQ 13 13½ 
wh¼0 w

h¼p=2 w

h¼0 w

h¼p=2
1.10E03 1.17E03 1.18E03 1.32E03
2.01E02 2.23E02 1.89E02 2.15E02
2.05E01 2.21E01 1.72E01 2.01E01
2.89E01 1.15E00 3.19E01 2.15E00
ving rext=rint ¼ 4 when the bending moment is applied at R0=rext ¼ 0:6.
DQ 11 11½  DQ 13 13½ 
wh¼0 w

h¼p=2 w

h¼0 w

h¼p=2
1.29E03 1.35E03 1.89E03 1.99E03
1.42E02 1.50E02 1.81E02 2.04E02
1.25E01 1.75E01 1.68E01 1.89E01
2.58E01 1.02E00 2.63E01 2.04E00
ving rext=rint ¼ 5 when the bending moment is applied at R0=rext ¼ 0:6.
DQ 11 11½  DQ 13 13½ 
wh¼0 w

h¼p=2 w

h¼0 w

h¼p=2
3.16E03 3.29E03 2.05E03 2.05E03
4.28E02 3.95E02 2.19E02 2.41E02
1.65E01 1.75E01 1.85E01 2.10E01
3.05E01 1.72E00 2.06E01 1.99E00
Table 4
Values of the stretching parameter a as function of M for the non-dimensional
displacements reported in Table 1.
M DQ 9 9½  DQ 11 11½  DQ 13 13½ 
1E05 1 0.5 0.8
1E04 0.8 0.8 1
1E03 0.5 1 1
1E02 0.4 1 1
Table 5
Values of the stretching parameter a as function of M for the non-dimensional
displacements reported in Table 2.
M DQ 9 9½  DQ 11 11½  DQ 13 13½ 
1E05 1 0.5 1
1E04 0.4 0.8 1
1E03 0.8 0.8 1
1E02 1 1 1
Table 6
Values of the stretching parameter a as function of M for the non-dimensional
displacements reported in Table 3.
M DQ 9 9½  DQ 11 11½  DQ 13 13½ 
1E05 1 0.5 0.4
1E04 0.8 0.8 0.4
1E03 0.5 1 0.8
1E02 0.8 1 1
w*
0 0.001
0
0.5
1
1.5
w*
w*
M*
π
r
θ
θ =   /2
θ = 0
0.002 0.003 0.0050.004
Fig. 2. Non-dimensional displacements as function of M . Solid and dashed lines
represent the displacement of two nodes at h ¼ 0 and h ¼ p=2 respectively. These
nodes are highlighted with a red circle and a green square in the inset to show their
location on the plate. The bold ring has radius R0 and indicates the line where the
bending moment is applied. Magniﬁed deformed plates are included in the plot for
easy viewing. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
0
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3
 
/ 2w* π= 0w*=
2 / 5
3/ 5
4 / 5
0R / extr
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Fig. 3. Non-dimensional displacements as function of M when the same bending
resultant is applied along three different concentric rings, located at
R0 ¼ 2=5rext; R0 ¼ 3=5rext and R0 ¼ 4=5rext . The difference between the displace-
ments of the nodes at h ¼ p=2 and of the nodes at h ¼ 0 increases as R0=rext
increases.
Table 7
Non-dimensional displacements as function of the inner radius when M ¼ 102 is
applied at the outer edge located at rext ¼ 30. The ratio wh¼0=wh¼p=2 shows that the
deformation progressively becomes non-axisymmetric as the inner radius increases.
rint=rext wh¼0 w

h¼p=2 wh¼p=2=wh¼0
1/30 1.60E00 1.60E00 1
2/30 8.98E01 2.56E00 2.85
4/30 7.84E01 2.49E00 3.17
6/30 7.17E01 3.02E00 4.21
Table 8
Non-dimensional displacements as function of M for two annular disks in the FF and
CF conﬁgurations. Results show that the non-axisymmetric solution appears just in
the FF disk, while the CF conﬁguration deforms symmetrically for all values of M .
M FF CF
wh¼0 w

h¼p=2 w

h¼0 w

h¼p=2
1E05 4.93E03 4.93E03 2.84E03 2.84E03
1E04 4.28E02 4.92E02 2.83E02 2.83E02
1E03 3.95E01 4.59E01 2.76E01 2.76E01
1E02 5.67E01 4.67E00 1.53E00 1.53E00
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ner and outer radius after which non-axisymmetric deformation
occurs. Results in Table 7, together with the deﬁnition of M, show
that, by applying a constant bending moment M along the outer
edge, the smaller the ratio of rint=rext, the larger the bifurcation
load. This could indicate that the buckling mechanism is facilitated
by the deformation of the inner edge. To prove this, identical bend-
ing moments are applied to two annular disks, one with FF BCs, the
other with clamped-free (CF) BCs, clamping the inner edge. Results
are reported in Table 8 and show that, for an applied moment suf-
ﬁciently large to induce buckling in the FF conﬁguration, the disk
clamped at the inner edge still deforms axisymmetrically.
There are similarities between the deformation of the inner rim
and the loss of contact between the disk and its ring support inves-
tigated in Chen and Fang (2010). As already discussed, in their
work the non-axisymmetric warping of a thin disk under the action
of its own weight and supported by a ﬂexible concentric ring is
studied. In particular,they conducted an analysis of the deforma-
tions of the disk as a function of the stiffness of the elastic support.
Results show that for a rigid support, the deformation is axisym-
metric and the disk is always in contact with the support. On the
contrary, for a softer spring support, a partial separation of the disk
from the support occurs and the resulting deformation is non-
axisymmetric.
Therefore, the non-axisymmetric bending is also driven by the
deformation of the inner rim and not just by the magnitude of
M. This could be another reason why the accuracy of the DQ for-
mulation of the von Kármán model decreases for displacements
larger than four times the plate thickness. In this sense, the advan-
tages of DQM of using fewer mesh points compared to ﬁnite ele-
ment or ﬁnite difference modelling become limited when
complex deformations, such as the large out-of-plane displace-
ment of the inner edge, are to be described.
As already discussed in details in the Introduction, an interest-
ing consideration arises by observing that the FF BCs and the cir-
cumferentially distributed bending moment do not break the
circular symmetry of the annular disk. Hence, there is not a pre-
ferred orientation of the axes of principal curvature and, therefore,
this study shows a concept of morphing structure in which the disk
deforms from a stable state, into a neutrally stable state, where it
can assume an inﬁnite number of identical cylindrically-shaped
equilibria.
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In this paper, the non-axisymmetric bending of a free-free thin
annular plate loaded by circumferentially distributed moments
was studied. A von Kármán plate model was used to formulate
the equilibrium equations. The Differential Quadrature Method,
in matrix form, was then used to solve the governing equations.
Conclusions are summarized as follows:
 Linear analysis shows that an annular disk under circumferen-
tially distributed bending moments deforms axisymmetrically.
However, non-linear analysis shows that the deformation is axi-
symmetric only when the parameter M, which takes into
account the ratio between applied moment and bending stiff-
ness, is small; when M increases, a symmetry-breaking bifur-
cation occurs and the annular plate deforms into a cylindrical
shape.
 The non-axisymmetric equilibrium conﬁguration occurs not
only when M reaches a critical value, but also, when the ratio
between inner and outer radius is sufﬁciently large. This param-
eter governs the out-of-plane displacement of the inner rim,
which appears to steer the deformation towards the non-axi-
symmetric shape.
 Symmetry considerations and FF BCs imply that, there is not a
preferred orientation for the two principal curvature axes. After
bifurcation occurs, the cylindrical shell has zero stiffness with
respect to changes of direction of its directrices. This leads to
a concept of neutrally stable structure in which the multistabil-
ity could be controlled by acting on the out-of-plane deforma-
tion of the inner rim or by applying bending moments along
concentric rings.
 In the course of this work the coupled nature of radial and cir-
cumferential behaviour on nonlinear kinematic deformations
has been a challenging problem to model. To expedite the efﬁ-
cient use of the Differential Quadrature Method, the Circle-Dot
matrix operator was introduced and may prove useful in subse-
quent studies of a related nature. The accuracy of the Differen-
tial Quadrature Method was shown to be in agreement with FE
results. DQM brought some remarkable beneﬁts simplifying the
implementation of BCs, continuity conditions and external load.
However, when highly non-linear deformations in very narrow
regions need to be described, such as the large out-of-plane dis-
placement of the inner rim, numerical convergence problems
arose.
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A.1. Shu’s general approach
The weighting coefﬁcient aðmÞij for the mth order derivative of a
generic function f ðxÞ are expressed as
aðmÞij ¼ m að1Þij aðm1Þii 
am1ij
xi  xj
 !
; for i; j ¼ 1;2; . . . ;N;
m ¼ 2;3; . . . ;N  1 ðA:1Þ
andaðmÞii ¼ 
XN
j¼1;j–i
aðmÞij ; ðA:2Þ
where að1Þij are the weighting coefﬁcients for the ﬁrst order deriva-
tives and are calculated as
að1Þij ¼
Mð1ÞðxiÞ
Mð1ÞðxjÞðxi  xjÞ
; for i– j; ðA:3Þ
in which
Mð1ÞðxiÞ ¼
YN
j¼1;j–i
ðxi  xjÞ ðA:4Þ
and all the terms are evaluated in cascade starting from að1Þij and a
ð1Þ
ii .
A.2. Extension to the multi-dimensional case
As shown by Shu (2000), the one dimensional DQ formulation
can be directly extended to the multi-dimensional case if the dis-
cretization domain is regular, i.e. regular shapes such as rectangle
or circle. Consider a two-dimensional function f ðx; yÞ deﬁned on a
rectangular domain; we have the N M system of equations:
f ð1Þx ðxi; yjÞ ¼
@f
@x

xi ;yj
¼
XN
k¼1
að1;xÞik  f ðxk; yjÞ ðA:5Þ
f ð1Þy ðxi; yjÞ ¼
@f
@y

xi ;yj
¼
XM
k¼1
bð1;yÞjk  f ðxi; ykÞ ðA:6Þ
for i ¼ 1;2; . . . ;N; j ¼ 1;2; . . . ;M:
The formulation of the one dimensional case can hence be di-
rectly extended to a two dimensional domain and the weighting
coefﬁcients are:
að1;xÞij ¼
Mð1ÞðxiÞ
Mð1ÞðxjÞðxi  xjÞ
; for i– j; ðA:7Þ
að1;xÞii ¼ 
XN
j¼1;j–i
að1;xÞij ðA:8Þ
for i; j ¼ 1;2; . . . ;N;
bð1;yÞij ¼
Pð1ÞðyiÞ
Pð1ÞðyjÞðyi  yjÞ
; for i– j; ðA:9Þ
bð1;yÞii ¼ 
XM
j¼1;j–i
bð1;yÞij ðA:10Þ
for i; j ¼ 1;2; . . . ;M;
where að1;xÞij and b
ð1;yÞ
ij are the weighting coefﬁcients for the ﬁrst order
derivative with respect to x and y, respectively and where
Mð1ÞðxiÞ ¼
YN
j¼1;j–i
ðxi  xjÞ; ðA:11Þ
Pð1ÞðyiÞ ¼
YM
j¼1;j–i
ðyi  yjÞ ðA:12Þ
Similarly to the one dimensional case, for the higher order
derivatives the recurrence relationships of the weighting coefﬁ-
cients are obtained as
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an1;xij
xi  xj
 !
; for i– j ðA:13Þ
aðn;xÞii ¼ 
XN
j¼1;j–i
aðn;xÞij ðA:14Þ
for n ¼ 2;3; . . . ;N  1; i; j ¼ 1;2; . . . ;N;
bðm;yÞij ¼ m bð1;yÞij bðn1;yÞii 
bn1;yij
yi  yj
 !
; for i– j; ðA:15Þ
bðm;yÞii ¼ 
XM
j¼1;j–i
bðm;yÞij ðA:16Þ
for m ¼ 2;3; . . . ;M  1; i; j ¼ 1;2; . . . ;M
which satisfy
f ðn;xÞx ðxi; yjÞ ¼
@nf
@xn

xi ;yj
¼
XN
k¼1
aðn;xÞik  f ðxk; yjÞ; ðA:17Þ
f ðm;yÞy ðxi; yjÞ ¼
@mf
@ym

xi ;yj
¼
XM
k¼1
bðm;yÞjk  f ðxi; ykÞ ðA:18Þ
for i ¼ 1;2; . . . ;N; j ¼ 1;2; . . . ;M; n ¼ 1;2; . . . ;N  1; m
¼ 1;2; . . . ;M  1:
Finally, at any location in the domain the functional value f ðx; yÞ
can be computed from
f ðx; yÞ ¼
XN
i¼1
XM
j¼1
f ðxi; yjÞ  piðxÞ  qjðyÞ; ðA:19Þ
where piðxÞ and qjðyÞ are the Lagrangian interpolation polynomials
given by
piðxÞ ¼
YN
k¼1;k–i
x xk
xi  xk ; ðA:20Þ
qjðyÞ ¼
YM
k¼1;k–j
y yk
yj  yk
: ðA:21ÞAppendix B
Hadamard matrix product If A ¼ aij
 
and B ¼ bij
  CNM so that
A ¼ a b
c d
	 

and B ¼ a b
c d
	 

; ðB:1Þ
the Hadamard product is deﬁned as
A  B ¼ aa bb
cc dd
	 

2 CNM: ðB:2Þ
Kronecker matrix product If A ¼ aij
  CNM and B ¼ bij  CPQ so
that
A ¼ a b
c d
	 

and B ¼
a b c
d  e
f g h
2
64
3
75; ðB:3Þ
the Kronecker product is deﬁned asA	 B ¼
aa ab ac ba bb bc
ad a ae bd b be
af ag ah bf bg bh
ca cb cc da db dc
cd c ce dd d de
cf cg ch df dg dh
2
666666664
3
777777775
2 CNPMQ : ðB:4Þ
Circle-Dot matrix product If A ¼ aij
  CNM and B ¼ bij  CNMR so
that
A ¼ a b
c d
	 

and B ¼
a b c
d  e
f g h
# i j
2
6664
3
7775; ðB:5Þ
the Circle-Dot product is deﬁned as
A
 B ¼ A  B ¼
aa ab ac
bd b be
cf cg ch
d# di dj
2
6664
3
7775 2 CNMR; ðB:6Þ
where A CNMR is obtained rearranging the elements of A in a col-
umn and then repeating this column R times:
A ¼
a a a
b b b
c c c
d d d
2
6664
3
7775: ðB:7ÞReferences
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